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Abstract
In this paper the local singularities of integrable Hamiltonian systems with two degrees of freedom are
studied. The topological obstruction to the existence of a focus-focus singularity with the given complexity
is found. It is shown that only simple focus-focus singularities can appear in a typical mechanical system.
Model examples of mechanical systems with complicated focus-focus singularity are given.
Introduction
An integrable Hamiltonian system with two degrees of freedom is a symplectic 4-manifold (M4, ω) (the phase
space) with two functions H,F : M4 → R (the first integrals), which are linearly independent almost everywhere,
and they are in involution {H, f} = 0 with respect to the corresponding Poisson bracket. The vector field sgradH
defined by the following condition
dH(η) = ω2(η, sgradH) for arbitraty vector field η
is called Hamiltonian vector field.
The level {H = h} of the function H is called an energy level. We will assume that all energy levels are
compact. Mapping F : M4 → R2(h, f), F(x) = (H(x), F (x)) is called a moment map. The moment map
defines a foliation on M4 called a Liouville foliation, whose fibres are connected components of its preimages
F−1(h, f).
A point x ∈ M4 is called a singular point of rank i (i = 0, 1) of Hamiltonian system if rank dF(x) = i and
the fiber containing it is called a singular fiber.
If the rank of the moment map is maximal at all points of the fiber, then this fibre is called regular and
according to Liouville theorem it is diffeomorphic to 2-dimensional torus T2 (if it is compact). Thus, the phase
space of an integrable system is a fibered manifold, whose fibres are invariant submanifold. Almost all of them
are tori.
If we want to investigate the qualitative behavior of an integrable system, we must study the topology of
the corresponding Lioville foliation. Since all fibres in the neighbourhood of a regular fiber have got the same
structure (trivial Tn - bundle), the topology is mainly determined by the singularities of our system.
The description of the basic concepts of Hamiltonian mechanics is given, for example, in [1]. The topological
methods are described in details in [28, 14, 3, 7] (see also [25, 15, 22, 5, 2, 26]).
The local classification of singular points is given by Eliasson theorem (see [8, 5]). In this work we will
study one type of singular points. A singular point x of rank 0 is called a focus-focus singularity, if the Hessians
d2H(x),d2F (x) are linearly independent, and the roots of the polynom
P (λ) = det
(
ad2H(x) + bd2F (x)− λΩ(x))
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are distinct and have a form ±x± iy, where x, y 6= 0 for a certain linear combination a d2H(x) + bd2F (x). Here
Ω is a matrix of the symplectic form.
Recall the basic properties of focus-focus singularities, see details in [17, 20, 21, 30, 3, 5, 12]. Assume that the
point x is a singular point of a focus-focus type. Then [29, 10] there exist symplectic coordinates p1, q1, p2, q2,
x = (0, 0, 0, 0) in a certain neighborhood of x such that in these coordinates the first integrals H,F become the
functions of a pair f1, f2 of canonical integrals, namely,
H = H(f1, f2), F = F (f1, f2),
where f1 = p1q1 + p2q2, f2 = p1q2 − p2q1, and ω = d p1 ∧ d q1 + d p2 ∧ d q2.
Let L be a singular fiber of Liouville foliation, which contains one or several points of a focus-focus type. If
a singular fiber contains no points of rank 1, and all its points of rank 0 are points of a focus-focus type, then
we will call L a focus fiber. In this case we will say that the integrable system has a focus-focus singularity.
The number of singular points of the fiber will be called a complexity of
Figure 1: Focus fiber
focus singularity. In case of complexity 1 we will say that the singularity is
simple. Denote these points as x1, . . . , xn. The singular fiber is a sequence
of embedded Lagrangian 2-spheres Li, each of them has a pair of selected
points xi, xi+1. At every point xi two neighboring spheres Li−1 Li intersect
transversally inside a 4-dimensional manifold. The singular fiber L is a limit
of a family of regular tori. This limit is described as follows: we fix n parallel
non-trivial cycles on a regular torus, each of these cycles contracts to a point.
As a result we obtain a pinched torus with n constrictions (fig. 1).
The focus-focus singularities appear in many integrable mechanical sys-
tems. As an example, we will mention two systems of rigid body dynamics:
Clebsch system [27, 19] and Lagrange system [26]. Other examples are the
spherical pendulum system [7] and the problem of a motion of ellipsoid on
a smooth surface [11, 4]. Except for the latter system, all focus-focus sin-
gularities in these cases are simple. But at the same time we can construct
a model example of a singularity of any complexity [17] (see also [3]). One can assume that there are some
topological obstructions to the existence of a focus-focus singularity with large value of complexity on a given
symplectic manifold. In the next section we will discuss the well-known question: what singularities can the
given symplectic manifold contain? In such form this question was formulated in [5].
Topological obstruction to the existence of the focus-focus singularity
of the given complexity
Recall the neccesary information from algebraic topology [6, 9]. Let S be a closed compact oriented 2-
submanifold in an oriented 4-manifold M . Then this submanifold has a class of De Rham cohomology with
compact support [ηS ] ∈ H2c (M), which is defined uniquely by the condition∫
S
ω =
∫
M
ω ∧ ηS for any closed 2-form ω. (1)
This class is called Poincare dual to a submanifold S. Each cohomology class in H2c (M) defines naturally a class
in H2(M), and broadly speaking, it can be trivial. But in this work these details are unimportant, and later
we will consider class [ηS ] as a cohomology class in H
2(M). For any closed compact oriented 2-dimensional
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submanifold X, which intersects transversally with S, the value of the integral
∫
X
ηS is denoted by by X · S
and is called algebraic number of points of intersection of X and S.
The algebraic number of points of intersection (index of intersection) of two transversally intersected sub-
manifolds X and S also can be defined in purely geometrical terms. The intersection S ∩X consists of a finite
number of points x1, . . . , xn. Denote as τ
S
(i) an orienting basis, which is tangent to S at the point xi, and as τ
X
(i)
an orienting basis, tangent to X at the point xi; we add to the point xi the “+” sign, if the basis
(
τX(i), τ
S
(i)
)
is an orienting basis for M at the point xi, and we add the “−” sign in the opposite case; denote this sign as
sgnxi. The index of intersection of submanifolds X and S is the integer number
X · S =
∑
i
sgnxi.
The index of intersection does not change if we replace the embeddings of X and S with one of the homotopic
to them. Consider a small perturbation of the submanifold S in its small neighborhood in the manifold M .
As a result we obtain a submanifold S′, which intersects S transversally. The algebraic number of points of
intersection of the submanifolds S and S′ is called an index of self-intersection of the submanifold S. For the
index of intersection we have a relation∫
S′
ηS =
∫
S
ηS = S · S = index of self-intersection of S. (2)
We need the following well-known proposition from symplectic topology (see [18]).
Lemma 1. The index of self-intersection of a Lagrangian submanifold X embedded to a symplectic 4-manifold
(M,ω), where X is oriented by the form (−1)ω ∧ ω, is equal to its Euler characteristic χ(X).
Proof. There exists a canonical 1-form α on a cotangent bundle T ∗X, the exterior differential of which defines
a symplectic form on T ∗X. In standard local coordinates (p, q), where q ∈ R2 and p ∈ R2 are the coordinates
on the base and on the fiber respectively, the canonical 1-form and its differential are given by the formulas
α = p1 d q1 + p2 d q2, dα = d p1 ∧ d q1 + d p2 ∧ d q2
According to Weinstein theorem (see, for example, [18]), there exists a symplectomorphism ψ : U(X2)→ V (X2)
of some neighborhood U(X2) ⊂M of the submanifold X in M to a neighborhood V (X) ⊂ T ∗X of a zero-section
of the foliation T ∗X with the symplectic form dα, which transfers X to the zero-section.
The form (−1)dα∧dα defines on T ∗X a standard orientation, which is given by the order of the coordinates
(q,p). For the standard orientation the index of self-intersection is equal to the sum of singular point’s indexes
of general vector field and is equal to χ(X).
Theorem 2. Assume that an integrable Hamiltonian system at a 4-dimensional symplectic manifold M has a
focus-focus singularity of complexity n ≥ 2. Then
a) pi2(M) 6= 0;
b) the dimension of De Rham cohomology group is dimH2(M) ≥ n− 1;
c) if the manifold M is compact, then dimH2(M) ≥ n.
Proof. Let us orient the manifold M using the form (−1)ω∧ω. Then the self-intersection index of the Lagrangian
submanifold X ⊂M is equal to its Euler characteristic X ·X = χ(X).
a) The singular fiber of the focus-focus singularity contains a Lagrangian sphere. According to Lemma 1,
this Lagrangian sphere has a non-zero index of self-intersection and, hence, it is not homotopic to zero.
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b) Consider a sequence of spheres L1, . . . , Ln of the singular fiber of the focus type. Denote as [ϕi] the
classes, which are Poincare dual to the spheres Li. Since the sphere is Lagrangian, its index of self-intersection
is equal to +2. Then we obtain an equality ∫
Li
ϕi = 2.
from the formula (2).
Thus, the classes [ϕi] are non-trivial. Let us prove that they form a subspace of dimension no less than n−1
in H2(M). Exclude one sphere from the sequence. Let us orient spheres of a new sequence L1, . . . , Ln−1, which
is not closed, in a such way that the index of intersection of the neighboring spheres becomes equal to +1. It
is suffice to show that there exists no linear combination of classes [ϕ1], . . . , [ϕn−1], such that the integral of it
taken over any of the spheres from the sequence is equal to zero. Using the integration over the spheres Li, we
obtain a system of equations for the coefficients 2λ1 + λ2 = 0λi−1 + 2λi + λi+1 = 0, i = 2, . . . , n− 1
λn−1 + 2λn = 0,
which has no nontrivial solution.
c) Consider a multiplication mapping on the symplectic form
∧ω : H2(M)→ H4(M) = R
According to the formula (1), all classes [ϕi] lie in the kernel of this mapping∫
M
ω ∧ ϕi =
∫
Si
ω = 0,
and the image of the symplectic form is the whole space H4(M), because ω ∧ ω is a volume form, which is not
exact according to the compactness of M . So, the classes [ϕi], which are dual to the Lagrangian spheres of the
singular fiber, do not form the cohomology class of the symplectic form and, hence, dimH2(M) ≥ n.
Consider some examples of using this theorem. Note, that in the examples below the estimation of the
complexity of the focus-focus singularity, obtained from the theorem 2, is not exact, but we can improve it by
using other topological invariants.
Examples:
• M = CP2
Since H2(CP2) = R, then from (c) it results that CP2 admits only simple focus-focus singularities.
• M = M2g1 ×M2g2 (Cartesian product of spheres with handles)
If g1 and g2 are greater than zero, then pi2(M
2
g1 ×M2g2) = 0. Then from (a) we obtain that the focus-focus
singularities of M are simple.
Assume that g2 = 0 and g1 = g 6= 0, that is M4 = M2g ×S2. Since the group H2(M2g ×S2) = R2, then from
(c) we have that in this case there are no singularities of complexity greater than 2. Further, the group
pi2(M
2
g ×S2) = Z. Hence, the cohomology class of the sphere should have a zero-index of self-intersection.
Thus, there are no complex focus-focus singularities in M2g × S2, while g 6= 0.
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The most interesting case is the case, when g1 = g2 = 0, that is M
4 = S2×S2. Here H2(M4) = R2. From
(c) we again obtain that there are no singularities of complexity of 3 or greater than 3. Can in this case
exist singularities of complexity 2? Let us orient the factors in some way, and define on M4 the orientation
given by the direct product. Let a, b be the generators of group H2(S
2×S2,Z) = Z2, implemented by the
factors. For any cohomology class αa+ βb we calculate the index of self-intersection
(αa+ βb) · (αa+ βb) = 2αβ.
We will assume here that the orientation, given by the form (−1)ω ∧ω, is the opposite to the orientation
of the direct product. In this case the index of self-intersection of the Lagrangian sphere is equal to (−2)
and, hence, it is realized only by the class a− b. Then∫
a−b
ω =
∫
a
ω −
∫
b
ω = 0. (3)
The integral of the symplectic form taken over the given class is equal to zero if and only if the areas
of the spheres are the same. Condition (3) is the necessary condition of the existence of the focus-focus
singularities of complexity 2 in S2 × S2.
• M = M2g × R2 (Cartesian product of a sphere with handles and a plane)
When g 6= 0, we have pi2(M2g × R2) = 0, and from (a) we obtain that M does not admit complicated
focus-focus singularities.
When g = 0, the group H2(S2 × R2) = R. So, from (b) we have that there can not exist singularities of
complexity more then 2 in S2 × R2. Any sphere in M is homotopic to some degree of factor-sphere and,
hence, it has a zero-index of self-intersection. Finally we obtain that the manifold S2 × R2 admits only
simple focus-focus singularities.
Remark 1. In contrast to the complicated singularities the simple focus-focus singularities are local, that is
they can be realized in the space (R4, ω) with a standard symplectic form. As an example we will mention the
following pair of functions
H =
1
2
(
p21 + p
2
2
)
+
(
q21 + q
2
2 − 1
)2
, F = p1q2 − p2q1
ω = d p1 ∧ d q1 + d p2 ∧ d q2
The point (0, 0, 0, 0) is a singular point of the type focus-focus. The compactness of the focus singular fiber
follows from the compactness of the energy levels H = const. Thus, there does not exist a topological obstruction
to the existence of a simple focus-focus singularity.
Applications to mechanics
In classical mechanical systems the phase is a cotangent bundle T ∗M2 to a 2-manifold M2 (configuration space).
Assume that the configuration space is closed (compact and has no boundary), that is it is a sphere M2g with g
handles in the orientable case, and it is a sphere N2µ with µ Mebius strips in the non-orientable case. Consider
the following symplectic form on the phase space:
ω = dα+ pi∗κ. (4)
Here we denoted the standard symplectic form on the cotangent bundle as dα, pi : T ∗M2 →M2 is a projection
mapping, and κ is a closed 2-form on M2 (the gyroscopic forces’s form or magnetic term; see [13] for details).
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Theorem 3. Consider an integrable Hamiltonian system on the cotangent bundle T ∗M2 to a 2-dimensional
closed manifold M2. The symplectic form ω on T ∗M2 has a form ω = dα+ pi∗κ. Then we have some cases:
1) If M2 = M2g and g > 0, or M
2 = N2µ, then the system admits only simple focus-focus singularities.
2) If g = 0, then the system admits the singularities of complexity 1 and 2. The singularities of complexity
2 can appear in the system if and only if the form κ is exact.
Proof. 1) The phase space T ∗M2 contracts to the configuration space M2. The groups pi2(M2g ), pi2(N
2
µ) are
non-trivial only in the case when g = 0 (sphere) and µ = 1 (projective plane). In the case M2 = RP2 we have
H2(RP2) = 0. Now the statement follows from the points (a) and (b) of the theorem 2.
2) Since H2(S2) = R, then from the point (b) of the theorem 2 we obtain that the system does not admit
singularities of complexity more than 2. Denote as [ϕ] the dual class to one of the spheres S of the singular
fiber of a complex focus-focus singularity and as [ω] the cohomology class of the symplectic form. Then
[ω] = k[ϕ] (5)
From the formula (2) and lemma 1 we have:
∫
S
ϕ = S · S = 2. Since the sphere S is Lagrangian,
∫
S
ω = 0. Now
from the condition (5) it follows that ∫
S
ω = k
∫
S
ϕ = 2k = 0.
Thus, the coefficient k is equal to zero, and the symplectic form is exact.
Other series of integrable systems, interesting from the point of view of physics, is provided to us by the
systems on the spaces dual to Lie algebras. Let g be a finite-dimensional Lie algebra, and g∗ is a space of linear
functions on g. Consider a basis e1, . . . , en of the algebra g. Let c
k
ij be the structure constants of the algebra g
in this basis:
[ei, ej ] =
∑
k
ckijek.
Consider linear coordinates x1, . . . , xn on g
∗, corresponding to the basis e1, . . . , en. A natural Poisson bracket
is defined on g∗ by the formula
{f, g} =
∑
i,j,k
ckijxk
∂f
∂xi
∂g
∂xj
, f, g ∈ C∞(g∗).
It is called a Lie-Poisson bracket for the algebra g.
For an arbitrary smooth function H on g∗ we can consider the equations
x˙i = {xi, H}, (6)
which are called the Euler equations on g∗ with Hamiltonian function H.
The fibration is defined on the space g∗, the fibers of which are the orbits of the coadjoint representation
of a Lie group. The restriction of the Lie-Poisson bracket on the given orbits is nondegenerate and, hence, it
defines a natural symplectic form on these orbits. See [24] for details.
In the case when the orbits have a dimension 4, the integrability of the system (6) means the existence of the
integral, which does not depend on H on the orbits. Let us restrict the hamiltonian and the additional integral
on a certain base. Then we obtain an ordinary Hamiltonian system with two degrees of freedom and we get the
opportunity to investigate the question of the existence of complicated focus-focus singularities in this system.
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Many dynamical systems, describing some mechanical and physical processes, can be written as Hamiltonian
systems on the dual spaces to Lie algebras. For example, Kirchhoff equations can be represented as a Hamiltonian
system on e(3)∗. The problem of the motion by inertia of 4-dimensional rigid body can be written using the
equations on so(4)∗. Let us consider two these cases in detail.
The case g = e(3)
The Lie-Poisson bracket on e(3)∗, written in the coordinates m1,m2,m3, q1, q2, q3, has a form
{mi,mj} =
∑
k
εijkmk, {mi, qj} =
∑
k
εijkqk, {qi, qj} = 0, (7)
and the orbits of the coadjoint representaion are given by the equations
Oq,m =
{
f1 = q
2
1 + q
2
2 + q
2
3 = q
2, f2 = m1q1 +m2q2 +m3q3 = mq
}
.
Theorem 4. In the integrable Hamiltonian systems on the orbits of the coadjoint representation on e(3)∗
can appear only simple focus-focus singularities, except, perhaps, the orbits with m = 0. On such orbits the
focus-focus singularities have a complexity not greater than 2.
Proof. Every regular (q 6= 0) orbit Oq,m is diffeomorphic to a cotangent bundle of the sphere T ∗S2. By changing
the values of m and q, we obtain different symplectic forms ωq,m of the form (4) on T
∗S2 and, hence, we can
apply the theorem 3. The cohomology class of the 2-form ωq,m, defining the symplectic structure, has the form
(see details in [23]) ∫
S2
ω2q,m = 4pim.
and vanishes only on orbits m = 0.
According to the paragraph 2 of the theorem 3, the manifold T ∗S2 does not admit focus-focus singularities of
complexity more than 2, and the singularities of complexity 2 can appear only in the case when the symplectic
form is exact, that is only if m = 0.
The case g = so(4)
Consider coordinates m1,m2,m3, q1, q2, q3 on so(4)
∗. The Lie-Poisson brackets, forming the basis, are defined
as follows:
{mi,mj} =
∑
k
εijkmk, {mi, qj} =
∑
k
εijkqk, {qi, qj} =
∑
k
εijkmk.
A pair of functions
Oc,m =
{
f1 = q
2
1 + q
2
2 + q
2
3 +m
2
1 +m
2
2 +m
2
3 = c
2, f2 = m1q1 +m2q2 +m3q3 = mc
}
(8)
sets a fibration on so(4)∗ with the fibers, which are the 4-dimensional orbits of the coadjoint representation.
Theorem 5. In integrable Hamiltonian systems on the orbits of the coadjoint representation on so(4)∗ can
appear only simple focus-focus singularities, except, perhaps, the orbits with m = 0. On these orbits the focus-
focus singularities have a complexity not greater than 2.
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Proof. The proof is based on using the well-known isomorphism of algebras so(4) and so(3) ⊕ so(3). In the
coordinates s1, s2, s3, p1, p2, p3 on so(3)
∗ ⊕ so(3)∗ the Poisson brackets have a form
{si, sj} =
∑
k
εijksk, {si, pj} = 0, {pi, pj} =
∑
k
εijkpk,
and the isomorphism is defined by the formulas
mi = si + pi, qi = pi − si.
The equations for the orbits of the coadjoint representation in coordinates si, pi have a simple form:
s21 + s
2
2 + s
2
3 = s
2, p21 + p
2
2 + p
2
3 = p
2. (9)
From these formulas we can conclude that the orbits Os,p in a general position are diffeomorphic to S2×S2.
Each of the equations (9) defines a sphere in so(3)∗. These spheres are the orbits of the coadjoint representation
of so(3), and they have a natural symplectic form. Assume that ωs and ωq are symplectic forms on the spheres
S2s and S
2
p respectively. Then the symplectic form ωs,p on Os,p = S2s × S2p has a form
ωs,p = pi
∗
sωs + pi
∗
pωp,
where the mappings pis and pip are projections on the factors.
Let us orient the spheres S2s and S
2
p by the forms ωs and ωp respectively. Then the orientation of the
Cartesian product on S2s × S2p is set by the form pi∗sωs ∧ pi∗pωp. Then,
ωs,p ∧ ωs,p = 2pi∗sωs ∧ pi∗pωp,
and, as noted above, the necessary condition for the existence of complicated focus-focus singularity is the
coincidence of the symplectic areas of the spheres S2s and S
2
p .
By direct calculations we can show that∫
S2s
ωs = 4pis,
∫
S2p
ωp = 4pip.
Thus, the complicated singularities can appear only on the orbits s = p. In terms of the values of given functions
f1 and f2 these orbits are given by the condition m = 0.
Model example of a mechanical system with a focus-focus singularity
of complexity 2
In this paragraph we will show that the estimates of complexity of a focus-focus singularity, given by the
theorems 3, 4 and 5, are exact, that is we will provide the examples of integrable systems with focus-focus
singularities of complexity 2. Consider on the space e(3)∗ a pair of functions
H =
1
2
(m21 +m
2
2 +m
2
3) + q
2
3 , G = m3, (10)
which are in involution with respect to the bracket (7) and, hence, which define the integrable Hamiltonian
systems with two degrees of freedom on the orbits Oq,m. Denote as h and g the constant values of the integrals
H and G respectively.
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Proposition 6. The system (10) on the orbit Oq,0 =
{
f1 = q
2, f2 = 0
}
in e(3)∗ has a focus-focus singularity
of complexity 2. The singular focus fiber L is given by the equations L =
{
H = q2, G = 0
}
.
Proof. The points {q1 = q2 = m1 = m2 = 0,m3 = εm, q3 = εq} , ε = ±1 when |m| < 2
√
2q are singular points
of focus-focus type. When m = 0, these points lie on the same level L =
{
h = q2, g = 0
}
.
Let us prove that the singular fiber L, which contains the points P+ P−, is connected, that is the orbit Oq,0
actually contains a complicated focus-focus singularity, and not a pair of simple singularities. The fiber L in
the space R6(m1,m2,m3, q1, q2, q3) is defined by the system of four equations
L :

f1 = q
2
1 + q
2
2 + q
2
3 = q
2
f2 = m1q1 +m2q2 +m3q3 = 0
H =
1
2
(m21 +m
2
2 +m
2
3) + q
2
3 = q
2
G = m3 = 0
,
which has an explicit solution, namely: vector q = (q1, q2, q3) is any vector on the sphere
q21 + q
2
2 + q
2
3 = q
2,
and for any such q we have
m1 = ±
√
2q2, m2 = ∓
√
2q1, m3 = 0.
It is clear that one fixed sign (both upper or both lower) gives a sphere, and these spheres intersect in two
points P+ and P−.
Thus, the system (10) is an example of an integrable system on Oq,0 with a focus-focus singularity of
complexity 2. Moreover, when we pass to the neighboring orbits Oq,m, that means in case of a small integrable
perturbation, the complicated focus-focus singularity splits into two simple singularities.
The functions (10) are in involution with respect not only to the bracket on e(3)∗, but also to the whole
family of the Poisson brackets of the form
{mi,mj} =
∑
k
εijkmk, {mi, qj} =
∑
k
εijkqk, {qi, qj} = λ
∑
k
εijkmk. (11)
The equations for the orbits of the coadjoint representation for this bracket depend on the parameter λ of the
family of the brackets as follows:
Op,m =
{
f1 = λ(m
2
1 +m
2
2 +m
2
3) + (q
2
1 + q
2
2 + q
2
3) = c
2, f2 = m1q1 +m2q2 +m3q3 = mc
}
When λ > 0, we can make the following change of variables: mi = m˜i, qi =
√
λ q˜i, and after this we can figure
out that the bracket (11) corresponds to the algebra so(4).
Proposition 7. The system (10) on the orbit Oc,0 =
{
f1 = c
2, f2 = 0
}
of the bracket (11) has a focus-focus
singularity of complexity 2. The singular focus fiber L is given by the equations L =
{
H = c2, G = 0
}
.
Proof. Consider the integrable system (10) on the regular (c 6= 0) orbit Oq,0. The points
P± = {q1 = q2 = m1 = m2 = m3 = 0, q3 = εc} , ε = ±1
9
are points of focus-focus type for sufficiently small λ.
As in the previous example the singular fiber is almost explicitly defined: vector q = (q1, q2, q3) is any vector
on the ellipsoid
1
1− 2λ (q
2
1 + q
2
2) + q
2
3 = c
2,
and for any such q we have
m1 = ±q2
√
2
1− 2λ, m2 = ∓q1
√
2
1− 2λ, m3 = 0.
As previously we have got two spheres which are intersecting transversally at the points P+ and P−. So,
the system (10) is integrable Hamiltonian system on the orbit Oc,0 which has got a focus-focus singularity of
complexity 2.
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